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(club) ( ) “
” (guess) , club guessing , Shelah [1]
. K\"onig,
Larson ([2]) , – $P_{\kappa}\lambda$
(tail) club guessing , ,
, Reflection Principles .
, [2] – , \iota \mbox{\boldmath $\omega$}2 club guessing
.
$\langle$ .
$\kappa,$ $\mu$ , $\{\gamma\in[\mu, \mu^{+})|\mathrm{c}\mathrm{f}\gamma=\kappa\}$ $\{\gamma\in[\mu, \mu^{+})|\omega\leq$
$\mathrm{c}\mathrm{f}\gamma<\kappa\}$
$S_{\mu^{+}}^{\kappa}$ , S .
$\kappa$ , $\kappa\leq\alpha$ , $C\subseteq P_{\kappa}\alpha$ (club) , $f$ :
$<\omega\alphaarrow\alpha$ $C=C(f)=\{x\in P_{\kappa}\alpha|f^{\prime\prime<\omega}x\subseteq x\}$
$*1$ .
, $S\subseteq P_{\kappa}\alpha$ $\text{ }$ \supset $\text{ }$ (stationary)
.
1 $P_{\omega_{1}}\omega_{2}\downarrow\emptyset$ (tail) club guessing
1. $F=\langle F_{\alpha}|\alpha\in S_{\omega_{2}}^{\omega}\rangle$ * , $\text{ ^{}*}$ ,
* .
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(2) $P_{(v_{1}}\omega_{2}$ $D$ , $\omega_{2}$ $C$




2. (Jensen) $\kappa$ , $E$ $\kappa$ ( ) ,
$\langle A_{\alpha}|\alpha\in E\rangle$ $(E)$ , $\mathrm{o}_{\kappa}^{*}(E)$ ,
(E) :
(1) $\alpha\in E$ , $A_{\alpha}$ $\alpha$ $|\alpha|$ .
(2) $\kappa$ $X$ , $\kappa$ $C$ :
$\alpha\in C\cap E$ , $X\cap\alpha\in A_{\alpha}$ .
, $E=\kappa$ $\text{ _{}\kappa}^{*}(E)$ . $(E)$
.
. 1. $\mathrm{L}$ , $\kappa$ ineffable
(Jensen). , “ineffable $\kappa$
” ZFC .
2. $\mathrm{o}_{\kappa}^{*}(E)$ .
$\langle A_{\alpha}|\alpha\in E\rangle$ :
(1) $\alpha\in E$ , $A_{\alpha}$ $<\omega\alpha$ $\alpha$ $|\alpha|$ .
(2) $g:<\omega\kappaarrow\kappa$ , $\kappa$ $C$
: $\alpha\in C\cap E$ , $g$ [ $<1d\alpha\in A_{\alpha}$ .
3. $\mathrm{o}_{\omega_{2}}^{*}(S_{w_{2}}^{\{v})$ $\text{ ^{}*}$ .
( ) $\langle A_{\alpha}|\alpha\in S_{\omega_{2}}^{\omega}\rangle$ 2 . $\alpha\in S_{\omega_{2}}^{\omega}$ ,
$g_{\alpha}$ : $\omega_{1}arrow\alpha$ , $\langle f_{\alpha}^{\xi}|\xi<\omega_{1}\rangle$ $A_{\alpha}$ . $\xi<\omega_{1}$
$F_{\alpha}^{\xi}$ $g_{\alpha}’’\xi$ $\{f_{\alpha}^{\eta}|\eta<\xi\}$ , $F_{\alpha}=\langle F_{\alpha}^{\xi}|\xi<\omega_{1}\rangle$ 1
(1) . , $D$ $P_{(v_{1}}\omega_{2}$ , $D=C(f)$
$f$ $:<\omega\omega_{2}arrow\omega_{2}$ , $\omega_{2}$ $C$ , $\alpha\in C\cap S_{\omega_{2}}^{\mathrm{t}d}$
$f\mathrm{r}^{<\omega}\alpha=f_{\alpha^{\alpha}}^{\xi}$ $\xi_{\alpha}<\omega_{1}$ , $F_{\alpha}$ $\xi_{\alpha}<\xi<\omega_{1}$ $\xi$
$F_{\alpha}^{\xi}\in C(f_{\xi_{\alpha}})\subseteq C(f)=D$
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2 Reflection Principles $\ j_{\mathrm{s}}^{*}$
, Reflection Principles Dow, Foreman, Todor-
cevic ([3], [4], [5] ) *
.
4. $\lambda$ .
$P_{\omega_{1}}\lambda$ $S$ , $X\subset\lambda$ $\omega\iota\subseteq\lambda,$ $|X|=\omega_{1}$
WRP $(\lambda)\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ , $S\cap P_{\omega_{1}}\alpha$ $P_{\omega_{1}}\alpha$
.
$P_{\omega_{1}}\lambda$ $S$ , $X\subset\lambda$ $\omega_{1}\subseteq\lambda,$ $|X|=\omega_{1}$ ,
$\mathrm{R}\mathrm{P}(\lambda)\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}\mathrm{c}\mathrm{f}(0.\mathrm{t}.X)=\omega_{1}$ , $S\cap P_{\omega_{1}}\alpha$ 1\alpha
.
. 1. $\mathrm{W}\mathrm{R}\mathrm{P}(\lambda)$ , o.t.X
. $\mathrm{c}\mathrm{f}(0.\mathrm{t}.X)=\omega_{1}$ $\mathrm{R}\mathrm{P}(\lambda)$ .
2. $\lambda=\omega_{2}$ , WRP, RP $X$ ( )
. , ( )
$\omega_{2}$ .
. $\mathrm{W}\mathrm{R}\mathrm{P}(\lambda)$ $\mathrm{R}\mathrm{P}(\lambda)$ ?
, * $\lambda=\omega_{2}$ .
5. $\text{ ^{}*}$ , $\mathrm{W}\mathrm{R}\mathrm{P}(\omega_{2})$ $\mathrm{R}\mathrm{P}(\omega_{2})$ .
( ) * $\mathrm{W}\mathrm{R}\mathrm{P}(\omega_{2})$ . $\langle F_{\alpha}=\langle F_{\alpha}^{\xi}|\xi<\omega_{1}\rangle|\alpha\in S_{\omega_{2}}^{\omega}\rangle$ $\text{ ^{}*}$ , $S$
$P_{\omega_{1}}\omega_{2}$ . $F_{\alpha}$
, $F_{\alpha}^{\xi}$ $\alpha$ . $\mathrm{W}\mathrm{R}\mathrm{P}(\omega_{2})$ ( 2) ,
$E=$ { $\alpha<\omega_{2}|S\cap P_{\omega_{1}}\alpha$ $P_{\omega_{1}}\alpha$ }
$\omega_{2}$ . $\mathrm{R}\mathrm{P}(\omega_{2})$ ,
$E\cap S_{\omega_{2}^{1}}^{\omega}\neq\emptyset$ (1)
. $E\cap S_{\omega_{2}}^{\omega}$ , $E$ (1)
. , $E\cap S_{1d}^{\omega_{2}}$ . $\alpha\in E\cap S_{\omega_{2}}^{\omega}$ , $S\cap P_{\omega_{1}}\alpha$
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$P_{\omega_{1}}\alpha$ , - $\{F_{\alpha}^{\xi}|\xi<\omega_{1}\}$ $P_{\omega_{1}}\alpha$ ,
, $S_{\alpha}=\{\xi\in\omega_{1}|F_{\alpha}^{\xi}\in S\}$ $\omega_{1}$ . , $\alpha$
, $S_{\alpha}$ $T_{\alpha}$ , $\omega_{1}$ ,
$S’=\{F_{\alpha}^{\xi}|\alpha\in E\cap S_{w_{2}}^{\omega}, \xi\in T_{\alpha}\}$
, $S’$ $S$ .
1 $S’$ $P_{\omega_{1}}\omega_{2}$ .
( 1 ) $D$ $P_{\omega_{1}}\omega_{2}$ , * ,
$\omega_{2}$ $C$ , $\alpha\in C\cap S_{\omega_{2}}^{\omega}$ ,
$\xi<\omega_{1}$ $F_{\alpha}^{\xi}\in D$ . – , $E\cap S_{\omega_{2}}^{\omega}$ , $E\cap C\cap S_{\omega_{2}}^{\omega}$
, $\alpha\in E\cap C\cap S_{\omega_{2}}^{\omega}$ $\alpha$ , $F_{\alpha}^{\xi}\in S’$ $\xi<\omega_{1}$ .
$S’\cap D\neq\emptyset$
2 $\alpha\in S_{\omega_{2}}^{d}$‘ $S’\cap P_{\omega_{1}}\alpha$ $P_{\omega_{1}}\alpha$ .
( 2 ) $\alpha\not\in E$ $S\cap P_{\omega_{1}}\alpha$ . $\alpha\in E$ ,
$S’\cap P_{\omega_{1}}\alpha$ $\alpha$ $\{F_{\alpha}^{\xi}|\xi\in T_{\alpha}\}$ , $T_{\alpha}$ $\omega_{1}$
, $P_{\omega_{1}}\alpha$ , $S’$ \iota \alpha .
, $S’$ \iota \mbox{\boldmath $\omega$}2 , $\mathrm{W}\mathrm{R}\mathrm{P}(\omega_{2})$ ( ) $\alpha$ $S’\cap P_{\omega_{1}}\alpha$
$P_{\omega_{1}}\alpha$ , 2 $\alpha\in S_{\omega_{2}}^{\omega}$ $\alpha\in S_{\omega_{2}^{1}}^{\mathrm{I}v}$ .
$S\cap P_{\omega_{1}}\alpha$ $P_{\omega_{1}}\alpha$ $\alpha\in E$ , (1) . $\square$( 2)
3 *
2 , $\text{ ^{}*}$
, * , .
6. :
(1) *.
(2) $\mathrm{d}(C_{\mathrm{t}v_{1}}, \supseteq)=\aleph_{2}$ ( , $\mathcal{X}\subseteq C_{\omega_{1}},$ $|\mathcal{X}|=\omega_{2}$ , $C\in C_{\omega_{1}}$
$D\subseteq C$ $\mathcal{X}\in D$ . , $C_{\{v_{1}}$ $\omega_{1}$ ).
, * $2^{\omega_{1}}=\omega_{2}$ .
Proof. (1) $\Rightarrow$ (2): $\mathrm{d}(C_{\omega_{1}}, \supseteq^{*})>\omega_{2}$ , $\langle F_{\alpha}=\langle F_{\alpha}^{\xi}|\xi<\omega_{1}\rangle|\alpha\in S_{\omega_{2}}^{\omega}\rangle$
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1(1) . $\alpha\in S_{\omega_{2}}^{\omega}$ ,
$D_{\alpha}=\omega_{\mathit{1}}\cap$ { $F_{\alpha}^{\xi}$ $\omega_{1}|\xi<\omega_{1}$ }
, $D_{\alpha}$ $\omega_{1}$ . , $\omega_{1}$ $D$
, $\alpha\in S_{\omega_{2}}^{\omega}$ $\beta<\omega_{1}$ $D_{\alpha}\backslash \beta$ $D$ .
, $D=\{x\in P_{\omega_{1}}\omega_{2}|x\cap\omega_{1}\in D\}$ 1\mbox{\boldmath $\omega$}2 ,
\alpha \in S‘‘ , $\langle F_{\alpha}^{\xi}|\xi<\omega_{1}\rangle$ $D$ .
(2) $\Rightarrow$ (1): (2) , $\{D_{\gamma}|\gamma<\omega_{2}\}$ $\omega_{1}$ , $\omega_{1}$
$D$ $D_{\gamma}\subseteq D$ $\gamma<\omega_{2}$ . $\alpha\in S_{\omega_{2}}^{\omega}$
, $\langle\alpha_{n}\rangle_{n<\omega}$ $\sup_{n<\omega}\alpha_{n}=\alpha$ . ,
$\mathcal{G}=\langle g_{\alpha}\rangle_{\alpha\in S_{\omega_{2}}^{\omega}}$ $\alpha\in S_{\omega_{2}}^{\omega}$ $g_{\alpha}$ $\omega_{1}$
$\alpha$
. $\alpha\in S_{\omega_{2}}^{\omega}$ , :
$D_{\alpha^{J}}=\triangle D_{g_{\alpha}(\alpha)}\alpha<\omega_{1}$ ’ $F_{\alpha}= \langle\bigcup_{n<\omega}g_{\alpha_{n}}(\prime\prime D_{\alpha}’(\xi\rangle)|\xi<\omega_{1}\rangle$
( $D_{\alpha}’(\xi)$ $D_{\alpha}$ ’ $\xi$ ). $D_{\alpha}$ ’ $\omega_{1}$
, ( $F_{\alpha}|\alpha\in S_{\omega_{2}}^{\omega}\rangle$ 1(1) .
$\langle F_{\alpha}|\alpha\in S_{\omega_{2}}^{\omega}\rangle$ * , $C$ $P_{\omega_{1}}\omega_{2}$
. $\theta$ , $A$ $\langle H_{\theta}, \in, \mathcal{G},C\rangle$
. $N\in P_{\omega_{1}}H_{\theta},$ $A$ $N\prec A$ $N\cap\omega_{2}\in C$
. ,
$E^{0}=\{\alpha\in S_{\omega_{2}}^{\omega}|\mathrm{S}\mathrm{k}^{A}(\alpha)\cap\omega_{2}=\alpha\}$
, $E^{0}$ $S_{\mathrm{t}d}^{\omega_{2}}$ $\omega$ . $\alpha\in E^{0}$
$C_{\alpha}=\{\xi<\omega_{1}|\alpha\cap \mathrm{S}\mathrm{k}^{A\prime\prime}(g_{\alpha}\xi)=g_{\alpha}\xi\prime\prime\wedge\omega_{1}\cap g_{\alpha}\xi\prime\prime=\xi\}$
, $C_{\alpha}$ $\omega_{1}$ . $f$ : $E^{0}arrow\omega_{2}$
$\alpha\in E^{0}$
$D_{f(\alpha)}\subseteq C_{\alpha}$ ,
$E^{1}=$ { $\alpha\in S_{\omega_{2}}^{\omega}\cap 1$ .p. $E^{0}|f’’\alpha\subseteq\alpha$ }
, $E^{1}$ $S_{\omega_{2}}^{\omega}$ $\omega$ . $\alpha\in E^{1}$ ,
.| $\langle\alpha_{n}’|n<\omega\rangle\subseteq E^{0}$ $\sup_{n<\omega}\alpha_{n^{J}}=\alpha$ \theta \iota $n<\omega l’$. $\alpha_{n}<\alpha_{n+1^{j}}$
. , $\zeta<\omega_{1}$ :
(3) $D_{\alpha}’ \backslash \zeta\subseteq\bigcap_{n<\mathrm{t}d}C_{\alpha_{n}}’$ ,
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(4) $\forall n<\omega[\alpha_{n}\in g_{\alpha_{n+1’}}\zeta\prime\prime\prime]$ ,
(5) $\forall n<\omega[\alpha_{n}\in g_{\alpha_{n+1’}}\zeta\prime\prime]$ .
$\xi\in D_{\alpha}’\backslash \zeta$ (3) :
$\forall n<\omega[\alpha_{n}\cap \mathrm{S}\prime \mathrm{k}A(g_{\alpha_{n’}}\xi\prime\prime)=g_{\alpha_{n’}}\xi\prime\prime\wedge\omega_{1}\cap \mathrm{S}\mathrm{k}^{A\prime\prime}(g_{\alpha_{n’}}\xi)=\xi]$ . (6)
$\xi$ , (6), (4) , $n<\omega$ :
$\alpha_{n}\cap g_{\alpha_{n+1’}}\xi\prime\prime\prime \mathrm{S}\mathrm{k}^{AA\prime\prime}(=\alpha_{n}’\cap g_{\alpha_{n+1’}}\xi\prime\prime)=g_{\alpha_{n’}}(\prime\prime\omega_{1}\cap \mathrm{S}\mathrm{k}(g_{\alpha_{n+1’}}\xi\prime\prime))=g_{\alpha_{\mathfrak{n}’}}\xi$ .
$g_{\alpha_{n’}}\xi\prime\prime$ $g_{\alpha_{n+1’}}\xi\prime\prime$ . $Z_{\xi}= \bigcup_{n<\omega}g_{\alpha_{n’}}\xi\prime\prime$ ,
(6)
$\omega_{2}\cap \mathrm{S}\mathrm{k}^{A}(Z_{\xi})=\alpha\cap \mathrm{S}\mathrm{k}^{A}(Z_{\xi})=Z_{\xi}$
, $Z_{\xi}\in C$ . , (5) $n<\omega$
$\alpha n\cap z\epsilon=\alpha_{n}\cap g_{\alpha_{n+1’}}\xi\prime\prime=g_{\alpha_{n}}\prime\prime\xi$
, $\bigcup_{n<\omega}g_{\alpha_{n}}\xi\prime\prime=Z_{\xi}\in C$ . $F_{\alpha}$ $C$
.
4
* – $P_{\kappa}\lambda$ (tail) club guessing – .
, $\kappa$ , $\kappa\leq\alpha$ , $A,$ $B\subseteq P_{\kappa}\alpha$ :
$A\leq_{\kappa,\alpha}*B\Leftrightarrow\exists x\in P_{\kappa}\alpha[\{y\in A|y\supseteq x\}\subseteq B]$ .
7. $\kappa,$ $\lambda$ $\kappa\leq\lambda$ , $E$ $\lambda$ .
, $F=\langle F_{\alpha}|\alpha\in E\rangle$ * $($ \mbox{\boldmath $\kappa$}, $E)$ , * $($ \mbox{\boldmath $\kappa$}, $E)$
, \sim \mbox{\boldmath $\kappa$}, $E$) .
(1) $\alpha\in E$ $F_{\alpha}$ $P_{\kappa}\alpha$ .
(2) $P_{\kappa}\lambda$ $D$ , $\lambda$ $C$ ,
$\alpha\in C\cap E$ $F_{\alpha}\leq_{\kappa,\alpha}*D(\cap P_{\kappa}\alpha)$ .
$\text{ ^{}*}\text{ }\sim\omega_{1}$ , S ) . 3 – , $E\subseteq\lambda$




8. $\kappa$ , $\kappa\leq\lambda$ , .
(1) $\text{ ^{}*}$ ( $\kappa$ , S )
(2) $\mathrm{c}\mathrm{o}\mathrm{f}(C_{\kappa,\lambda}, \geq_{\kappa,\lambda}*)=\lambda^{+}$ ( , $C_{\kappa,\lambda}$ $\lambda^{+}$ $\mathcal{X}$ ,
$C\in C_{\kappa,\lambda}$ $D\leq_{\kappa}*,{}_{\lambda}C$ $D\in \mathcal{X}$ . , $C_{\kappa,\lambda}$ $P_{\kappa}\lambda$
$P_{\kappa}\lambda$ ).
, *(\mbox{\boldmath $\kappa$}, S ) $2^{\lambda}=\lambda^{+}$ .
, 5 – , .
.
9. $.2\leq n<\omega$ , $\mathrm{C}\mathrm{H}+\text{ ^{}*}(\omega_{1}, S_{\mathrm{t}v_{n}}^{\omega})$ : $P_{\omega_{1}}\omega_{n}$
$S$ , $S’\subseteq S$ $\alpha\in S_{\omega_{n}}^{\omega}$ $S’\cap P_{\omega_{1}}\alpha$
$P_{\{v_{1}}\alpha$ .
10. $3\leq n<\omega$ , $\mathrm{C}\mathrm{H}+\text{ ^{}*}(\omega_{1}, S_{\omega_{n}}^{\omega})$ $\mathrm{W}\mathrm{R}\mathrm{P}(\omega_{n})$ $\mathrm{R}\mathrm{P}(\omega_{n})$ .
, .
. (1) 9, 10 $\mathrm{C}\mathrm{H}$ ?
(2) ?
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